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is divisible by p for s = 1, 2,..., -1, and y/x = t.
The present article will be devoted to extensions of the methods which were employed in the proof of this theorem. A related method is employed in the proof required for the demonstration of a theorem in another article-A companion formula to (2) which is obtained by the method' we previously referred to is lc (c + I )tl (21 t2 + (3)........ The condition xyz P O(mod p) is of course, satisfied if we take p sufficiently large in (2) and (3). Also, we note that in view of (1) we can employ z in place of x in our argument, hence (2) holds for t = y/x and t1 = y/z. For p sufficiently large these are incongruent modulo p. Hence (2) holds for two incongruent values of t.
Applying our second method3 we obtain from (1), under the assumption that the second factor of the class number of the field defined by r is prime to 1, the congruence and the second factor of the class number of k(r) is prime to 1, then for each prime p exceeding a certain limit the congruences (5) hold, and they also hold when x is replaced by z; xyz # O. Elsewhere3' the congruences (5) were employed in a bit different way. There, p was in the particular form 1 + d and we considered smaller values for c. Employing this idea we were able to obtain criteria which led to the proof of Fermat's last Theorem for all prime exponents <619. We also find" from (1) (x + e*z)c (¢*kx + z)c (modp) (6) (7) which provides another criterion for the solution of (1) (8) where p 0 1. It is known6 that if p exceeds a certain limit this congruence always has solutions with x, y and z, prime to p. This may also be true in connection with the congruences (5) and (7) but it does not appear obvious why this is so. (5) is obviously satisfied when y = 0(mod p) but p can be taken > y. Similarly (7) is satisfied if either x + z, or x -z is divisible by p but again p can be taken >x + z or x -z. For the smaller values of c, the only solution of (5) is y O(mod p).
In the statement of Theorem I, p was limited to primes belonging to an exponent which was prime to 1. Now the writer has shown7 that for there to exist an ideal not of the first degree in the basis classes C of the irregular class group of k(r) defined by Cs-r 82a= 1,
r being a primitive root of 1, it is necessary that I -2a and I -1 have a common factor, > 1. It will be found that this condition is also necessary when we take classes Ci of the irregular class group of k(r) defined by s s2a = 1.
If we apply this necessary condition to all the fields k(r) for <619 we find that there are only eight values for I in this range where it is possible for these types of classes to contain other than ideals of the first degree. If it is true that all of these irregular classes contain only ideals of the first degree, then Theorem I may be greatly simplified, as we need only state that p in (2) belongs to some exponent > 1 modulo 1. From the congruences (2) we may now obtain congruences independent of t. For, we may take (2) for a particular value of s and multiply this congruence by 1 21 l(C -) t , t t (9) in this way we obtain a set of c congruences, which yield the relation (10) , and consider any (c -1) of the resulting congruences as a set of linear congruences in the quantities in (9) , and employing the method used in deriving Cramer's rule, we find that A? = A (mod p) (12) where A is now the determinant formed by the coefficients of the quantities in (9) , and where (A) is obtained from the determinant A by replacing the elements in the first column by the elements in the congruences which do not involve t. Now (12) is a congruence in t which is satisfied by each of the quantities to rtt,2t., . .. Il 1-t. Now consider the modulus p, a prime ideal divisor of p, and take in addition t1 in place of t, in (12). The relation t1 trb (mod p) gives -tl-_= 0(mod p), and this is impossible for p sufficiently large. Then, (12) with p in place of p has more than t incongruent solutions unless A -O(mod p) in which case A = O(mod p). If we also consider the relation AtI' = Ak(mod p) obtained from our former congruences, it will therefore be seen that Ak = 0(mod p).
By taking s = 1, 2, ..J -1, we obtain in this way a number of determinants each divisible by p. If pf= 1 (mod 12) we obtain as in the derivation of (hla) a set of simpler determinant criteria.
We now apply methods similar to those used in the derivation of Theorem I to the first case of Fermat's Last Theorem. In (1) we now assume that (xyz, 1) = 1 and we select a prime ideal p in k(r) such that if X = (1 -)
where m is a rational integer 0 0(mod 1). By a known theorem8 we may find an infinity of O's, if m is fixed, so that an expression of this form gives an infinity of prime ideals. Since w is primary, we have9 (x+ys) = ( <r) = 1 (14)
The relation (13) shows that p is an ideal of the first degree, hence p= 1 +cl. Then we may write, using (14), and if xy W 0(mod p), (x + ye")' 1(mod p) (15) where s = 0, 1, ..., -1, if we assume that x + ry -0(mod p). On which is impossible since r is a primitive root of I and the exponent is odd. 1 Proc. Nat. Acad. Sci., 15, 45 (1929).
